The aim of this paper and its prequel is to introduce and classify the holonomy algebras of the projective Tractor connection. This is achieved through the construction of a 'projective cone', a Ricci-flat manifold one dimension higher whose affine holonomy is equal to the Tractor holonomy of the underlying manifold. This paper uses the result to enable the construction of manifolds with each possible holonomy algebra.
Introduction
The aim of this paper is to continue the project started in [Arm1] , that of classifying the holonomy algebras of various parabolic geometries. Papers [Arm1] and [ArLe] study conformal holonomies, this one and its predecessor [Arm2] are interested in parabolic ones.
Both conformal and projective geometry are members of the class of parabolic geometries, a group that includes, amongst others, almost Grassmannian, almost quaternionic, and co-dimension one CR structures. Some of these geometries were studied as far back as E. Cartan [Car1] , [Car2] , whose technique of 'moving frames' would ultimately develop into the concepts of principal bundles and Cartan connections -invariants of the geometric structures that allow for explicit calculations.
Despite the work of T.Y. Thomas [Tho1] , [Tho2] who developed key ideas for Tractor calculus in the nineteen twenties and thirties, and S. Sasaki in 1943 [Sas] , [SaYa] , the subject fell into abeyance until the work of N. Tanaka [Tan] in 1979. The subject was rediscovered and further developed by T.N. Bailey, M.G. Eastwood and R. Gover in 1994 [BEG] .
Since then, there have been a series of papers by A. Čap and R. Gover [CaGo3] , [CaGo2] , [Gov] , [CaGo1] , developing a lot of the techniques that will be used in the present paper -though those papers looked mainly at conformal geometry. Papers [CSS1] , [CSS2] and [CSS3] , by A.Čap, J. Slovák and V. Souček, develop similar methods in a more general setting.
Previous papers had focused on seeing the Cartan connection as a property of a principal bundle P. But in the more recent ones, the principal bundle is replaced by an associated vector bundle, the Tractor bundle T , and the Cartan connection by a equivalent connection form for T , the Tractor connection − → ∇. With these tools, calculations are considerably simplified.
The purpose of this paper is to analyse one of the invariants of the Tractor connection, the holonomy algebra, for projective geometries.
For an introduction to the Cartan connection and the terminology used in this paper, see [Arm2] . The projective Tractor bundle T is of rank n + 1, where n is the dimension of the manifold. The Tractor connection preserves a volume form on T , so we are looking at holonomy algebras contained in sl(n + 1).
In the previous paper [Arm2] , we first analysed the consequences of reducibility, then showed that the existence of symplectic, complex, hyper-complex and orthogonal structures on the Tractor bundle imply that the underlying manifold is projectively contact, CR, HR and Einstein, respectively. Holonomies of type su, for instance, correspond to projectively Sasaki-Einstein manifolds.
These are not equivalences, however, except in the projectively Einstein case. A CR manifold, for instance, must have specific properties on its Ricci tensor to generate a symplectic Tractor holonomy.
Unlike the conformal case [Arm1] , where cone constructions only existed in the conformally Einstein case, all projective manifolds have a cone construction whose affine holonomy is equal to the Tractor holonomy of the underlying manifold. Consequently projective Tractor holonomy is reduced to affine holonomy issues on specific -Ricci-flat, torsion-free -cone manifolds.
A further result demonstrates that the projective and conformal holonomies of an Einstein manifold are isomorphic, as are the two cone constructions [Arm1] . Table 1 gives the list of algebras of projectively Einstein manifolds. Table 2 gives the remaining projective holonomy algebras. To arrive at these lists, we appeal to paper [Arm3] which gives all possible reductive holonomies for Ricci-flat torsion-free affine connections, and use various tricks and theorems to construct either Ricci-flat cones with the required holonomies, or projective manifolds with the required properties.
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Previous formulas
These constructions are long and technical, and generate little new mathematics; however they are needed to complete the lists, and a few are interesting in their own rights; the fact that the existence of sl(C) type holonomies are much easier to establish than sl(R) types is intriguing. Some low-dimensional cases resist the general treatments; these are dealt with individually at the end the paper. Indeed a few Ricci-flat holonomies cannot correspond to Ricci-flat cones at all.
The author would like to thank Dr. Nigel Hitchin, under whose supervision and inspiration this paper was crafted. This paper appears as a section of the author's Thesis [Arm4] .
This section is a reminder of essential formulas from the previous paper [Arm2] . A preferred connection ∇ (a torsion-free connection that preserves the projective structure) changes to another preferred connection via
for any one-form Υ. This transformation spans all the preferred connections, making them into an affine space modelled on the space of one-forms. The Tractor connection is a connection on an Sl(n + 1) principal bundle G. Given the associated Lie algebra bundle A = G Sl(n+1) sl(n + 1), a choice of preferred connection corresponds to a splitting
with the bracket given by
and zero on other type of terms.
This splitting changes under a change of connection as:
for the given Υ.
Curvatures of preferred connections
Given a preferred connection ∇, the tensor P, a skew-adjusted multiple of the Ricci tensor, is defined by
Ric hj = −nP hj + P jh .
In terms of Ric (hj) and Ric [hj] , the symmetric and anti-symmetric components of Ric hj ,
Ric [hj] .
Recall that:
Lemma 2.1. A torsion-free affine connection will preserve a volume form if and only if it has symmetric Ricci tensor.
The action of the curvature of a connection on the volume bundle is known by taking the trace of the last terms. Then the proof comes directly from the first Bianchi identity:
In the general case (Ric symmetric or not) the full curvature expression becomes:
where W k hj l is projective Weyl tensor, a trace-free projectively invariant tensor.
Proof. This formula is easily checked by taking traces and by the symmetries of the curvature tensor R.
The curvature term P is not projectively invariant, however. Under a change of connection given by a one-form Υ, this tensor changes as
as in the conformal case. We can also define the Cotton-York tensor as before:
General formulas
A choice of preferred connection splits A, hence splits any bundle associated to it. If ρ denotes the action of sections of A, the Tractor connection becomes:
Proof. Using the change of splitting formula (2) and the formula for the change of P, one can check that this expression is independent of the choice of preferred connection. It is easy to see that it corresponds to a Cartan connection (as its second fundamental form on B ⊂ A is maximal).
Furthermore the curvature can be calculated:
We shall designate our main focus of investigation, the local holonomy algebra of − → ∇ as − → hol.
Remark. We now have everything we need for the Tractor connection, except a good bundle for it to operate on.
Tractor bundles
In the projective case, a section s of L n n+1 defines a preferred connection ∇, which preserves a volume form and thus has symmetric Ricci tensor. Then it turns out that the operator
is second order, linear and projectively invariant. In this case, since ∆ is bijective on the included
It turns out that this kernel admits a A action. We thus identify the projective Tractor bundle with the dual J 1 L n n+1 * . See [CaGo3] for details; from our perspective,
with G = SL(n + 1) acting on R n+1 in the usual fashion.
This bundle we shall call the Tractor bundle for the projective geometry. There are other 'Tractor' bundles corresponding to different representations of G (most notably the adjoint representations [Lei] ), but we shall not need to use them in this paper.
To recapitulate, given a choice of preferred connection ∇, there is a decomposition of the algebra bundle A and hence of the Tractor bundle
. The Tractor connection is given by
The formula for changing a splitting by a one-form Υ (see Theorem 2) is given explicitly by
3 Realisation of holonomy groups
The list so far
In paper [Arm2] , we established that every projective Tractor connection − → ∇ corresponded to an affine connection of a manifold one dimension higher. This affine connection (also designated with − → ∇) was Ricci-flat and torsion-free. It was also a cone connection, in the following sense:
Definition 3.1 (Cone). A cone is an affine manifold (C, ∇) with a special vector field Q such that: Proof. R −,− Q = 0 by definition. Now let X and Y be vector fields commuting with Q. Then
And that expression being zero is precisely what it means for ∇ to be Q invariant.
In paper [Arm3] , the author established which reductive holonomy algebras can correspond to torsion-free Ricci flat connections. That list is:
Algebras whose associated connections must be Ricci-flat have been marked with a star. We shall aim to construct examples which each of these holonomies (either as manifolds with a projective structure or as projective cones).
Recall from Lemma 3.2, that the property of being Q-invariant may be replaced with the equivalent condition that all curvature terms involving Q vanish.
Remark. Most constructions in these sections will be done by taking the direct product of projective manifolds with known properties. The crux of these ideas is to exploit the fact that projective structures do not respect the taking of direct products: we shall construct examples with maximal Tractor holonomy from the direct product of projectively flat, non-flat manifolds.
Orthogonal holonomy
The bulk of the work, like the bulk of the possible holonomy groups, lie in this section. We shall construct projective cones for the first ten holonomy algebras.
We will use two approaches: either constructing a projective manifold whose Tractor connection has the holonomy we need, or directly building a projective cone with the required holonomy (and the underlying projective manifold would then emerge by projecting along the cone direction).
Full orthogonal holonomy
Here we aim to show that there exist projective manifolds with full so(p, q) holonomy algebras. The main theorem is:
Proof. Since M is projectively flat, it has vanishing projective Weyl tensor; since it is Einstein, it has symmetric Ricci and rho tensors. Consequently the full curvature of ∇ M is given by Equation (4):
with a similar result for ∇ N . Consequently the full curvature of ∇ is
and its Ricci curvature is
Thus the rho tensor of ∇ is
In other words, the projective Weyl tensor of (C, ∇) is
minus the corresponding term with h and j commuted. The Cotton-York tensor vanishes, as ∇Ric M = ∇Ric N = 0. This expression therefore contains the full curvature of the Tractor connection − → ∇. Given the splitting defined by ∇,
we may start computing the central (0,
.
. Similarly for so(Ric N ). These terms lie diagonally inside the maximal bundle:
The upper-right and lower-left components are isomorphic, as representations of so(Ric M )⊕so(Ric N ), to R n ⊗ R m and R m ⊗ R n , respectively. They are both irreducible as representations, being tensor products of irreducible representations of distinct algebras. Consequently, decomposing so(
To show that we are in the second case, one merely needs to consider, for
Since ∇ is Einstein, it must preserve a volume form ν, and we know that − → ∇ preserves a metric
; the Lie bracket on so(h) is given by the natural action of the first component on the latter. Consequently, as before,
To show the latter, we turn to infinitesimal holonomy. Since ∇ annihilates both Ricci tensors, we have the expression, for X, Y, Z now sections of T :
And one may evidently choose X, Y, Z to make that last expression non-zero.
Now we need to find projectively flat manifolds with the required properties. Given an innerproduct space R (s,t) , we define the quadric
is an Einstein manifold with a metric of signature (s − 1, t) and positive Einstein coefficient. The S (s,t) (a) are also conformally flat (pick a point on S (s,t) (a) and use it to do a conformally invariant stereographic projection onto a flat manifold).
Using them, we may construct manifolds of dimension ≥ 4 with orthogonal holonomy of signature (a, b + 1) for any non-negative integers a and b. However, since orthogonal holonomy with signature (a, b + 1) is equivalent with signature (b + 1, a), we actually have all the orthogonal holonomy algebras in dimension ≥ 4. For dimension three, one must remember that all orthogonal projective holonomy corresponds to the conformal holonomy of a conformally Einstein structure. However all conformally Einstein 3-folds are conformally flat; hence there cannot exist non-trivial orthogonal projective holonomy in dimension three, and, a fortiori, in dimensions two and one.
are possible projective (and conformal) holonomy algebras. 
Proof. In this case,
, a symmetric and C-linear tensor; thus ∇ must preserve a complex volume form ν. Then the C-projective holonomy of M × N must preserve the complex metric P
and similarly for N . With these observations, the proof then proceeds in exactly the same way as in the real case.
To construct such manifolds, one takes the complex versions of the quadrics in the previous argument, and their direct product as before.
By the previous results on complex projective structures in paper [Arm2] , any C-projective manifold M × N with C-projective holonomy algebra − → hol corresponds to a real projective manifold one dimension higher, with − → hol as (real) projective holonomy algebra.
are possible projective (and conformal) holonomy algebras.
su holonomies
When we talk of a manifold with Tractor holonomy su(p, q), we are talking about, by definition, a conformally/projectively Einstein manifold whose metric cone is Ricci-flat and has holonomy su(p, q). In other words this is a Sasaki-Einstein manifold. The existence of Sasaki-Einstein manifolds have been addressed in [BFGK] and [Boh] as well as [BGN] ; I have adapted their proof, changing the terminology slightly.
Let (N 2m , g, ω, J) be a Kähler-Einstein manifold, of complex signature (p, q). Normalise the metric (inversing the signature if needed) so that the Einstein coefficient is 1. Normalise the Kähler form ω so g = ω(−, J−). Then let M be an S 1 bundle over N , with a connection form η such that dη = 2µω, for µ = 1 1−2m . Since we are working locally, there are no existence issues, this is just the 2µ n complex weight bundle. Let S be the vector field generated by the S 1 action. This whole construction implies that if X and Y are sections of T N and X, Y their S-invariant lifts into T M ,
Notice that ∇ is torsion-free and preserves the metric h = µg − (ds) 2 .
Proposition 3.5. (M, ∇) is a Sasaki-Einstein manifold for a suitable choice of µ.
Proof. The curvature of ∇ is
Implying that
By definition of h and µ, Ric = −2mh. Hence (M, ∇) is Einstein. Moreover S is a killing form for h, ∇S = J is a complex structure on the lift of T N into T M .
Notice that the real signature of (M, ∇) is (2p, 2q + 1) or (q, p + 1), depending on the sign of the Einstein coefficient for N , so we get all signatures of Sasaki-Einstein manifolds.
Remark. Because of the sign conventions used, the real signature of the cone over these SasakiEinstein manifolds is (2p, 2q + 2) or (2q, 2p + 2), as one expects.
sp holonomies
When we talk of a manifold with Tractor holonomy sp(p, q), we are talking about, by definition, a conformally/projectively Einstein manifold whose metric cone is Ricci-flat and has holonomy sp(p, q). In other words this is a 3-Sasaki manifold.
The proof of this is exactly as above, except that one uses N , an Einstein Quaternionic-Kähler, as the base manifold, and M is a principal SU (2) ∼ = Sp(1) bundle.
Exceptional holonomies
Bryant [Bry2] constructs manifolds with exceptional holonomy as cones on other manifolds. All manifolds with exceptional holonomy are Ricci-flat, so these are Ricci-flat cones by definition.
In [Bry2] , Bryant shows that the real cone on SU (3)/T 2 has holonomy G 2 and the real cone on SU (2, 1)/T 2 has holonomy G 2 . Moreover the complex cone on SL(3, C)/T 2 C has holonomy G C 2 ; this corresponds to SL(3, C)/T 2 C having C-projective holonomy G C 2 . And, of course, this implies that there exists a manifold one dimension higher -hence of dimension 15 -with real projective holonomy G C 2 . Similarly the cone on SO(5)/SO(3) has holonomy Spin(7). The other Spin(7) cases weren't dealt with in the paper, but one can extend the arguments there to show that the real cone on SO(3, 2)/SO(2, 1) has holonomy Spin(3, 4) and that the complex cone on SO(5, C)/SO(3, C) has holonomy Spin(7, C).
Full holonomy
Here we aim to show that there exists projective manifolds with full sl(n, R) holonomy algebras. The main theorem is:
projectively-flat manifolds, non-Einstein but with non-degenerate symmetric Ricci tensors. Then
Proof. This proof is initially modelled on that of the existence of full orthogonal holonomy in Theorem 3.3. But first we need: 
Then since Ric M is covariantly constant in the N direction (and vice versa),
Consequently the Cotton-York tensor of (C, ∇) vanishes.
Exactly as in Theorem 3.3, there exists a summand h = so(Ric
Under the action of h, the bundle sl(T ) splits as
Here the bundles T C and T C * are isomorphic as representations of h.
Now using infinitesimal holonomy, we consider the first derivative:
Let X and Y be sections of T M , Z a section of T N . Then Equation (8) implies that the central term is
Since M is non-Einstein, there must exist X and Y such that this term in non-zero. This term is evidently not a section of h, so
Now sl(T C) does distinguish between T C and T C * ; thus looking at Equation (9), we can see that T ⊕ T * ⊂ − → hol 0 . Then the last R term is generated by the Lie bracket between T C and T C * , so
We now need to show the existence of such manifolds; in order to do that, we have Proof. Consider R n , with standard coordinates x l and frame X l = ∂ ∂x l and let ∇ ′ be the standard flat connection on N . Using a one form Υ, the connection changes to
Similarly, since ∇ ′ is Ricci-flat, the rho-tensor of ∇ is, by Equation (5),
hj .
Now if we choose Υ = dx 1 + l x l dx l , the tensor P is given by
This is non-degenerate at the origin. Since Υ = dx 1 + O(1),
and
So ∇ is non-Einstein at the origin. Since being non-degenerate and non-Einstein are open conditions, there exists a neighbourhood of the origin with both these properties. Define this to be N . One needs lastly to see that P (and thus Ric) is symmetric -equivalently, that ∇ preserves a volume form. One can either see it directly by the formula for P, or one can observe that since ∇ ′ preserves a volume form, the preferred connection ∇ preserves one if and only if Υ is closed. But this is immediate since
are possible projective holonomy algebras.
Complex holonomy
To show that one has full complex holonomy is actually simpler than in the real case. The crucial theorem is:
projectively-flat manifolds, both Einstein, with non-degenerate Ricci tensors. Assume further that Ric
M is C-linear while Ric N is C-hermitian.
Consequently the curvature tensors of ∇ M and ∇ N are given, according to paper [Arm2] , by
As usual, the complex Cotton-York tensor is zero, meaning the full curvature of the Tractor connection is contained in the Weyl tensor. We aim to calculate the C-projective holonomy of C. From now on, any implicit tensor product is taken to be complex. Then as in the proof of Theorem 3.3, it is easy to see that if X, Y ∈ Γ(T M ′ ),
where
Consequently, we can see that
Where − → hol 0 is the gl(T C ′ ) component of − → hol, the C-projective holonomy algebra of C. Now under the action of so(Ric
an element of A ⊕ B that is neither in A nor in B. Consequently A ⊕ B ⊂ − → hol 0 . But the span of A ⊕ B under the Lie bracket is the full algebra sl(T C ′ ). So
Under the action of h, the full algebra sl(T , C) splits as
Proof. This is the standard argument, involving infinitesimal holonomy. T C ′ and (T C ′ ) * are irreducible non-isomorphic representations of h.
To end the proof, notice that you can generate the final R term by taking the Lie bracket on
To construct an explicit example of the previous, it suffices to take M as a complex version of the quadrics of Proposition 9, and N to be the (Einstein-Kähler) projective plane. As a consequence of this, we have manifolds with full C-projective holonomy, which corresponds, by [Arm2] , to a real projective manifold one dimension higher, with same real projective holonomy algebra.
Consequently, g, V ∼ = sl(n, C), C n , n ≥ 4 , are possible projective holonomy algebras.
Quaternionic holonomy
The holonomy algebra sl(n, H) forces the manifold to be Ricci-flat by definition [Bar] and [AlMa] , so we shall focus on the cone conditions.
Paper [PPS] , building on ideas from [Sal1] and [Joy] , demonstrates that when one has a hypercomplex cone construction (C(M ), − → ∇, I, J, K), such that − → ∇ is invariant under the actions of IQ, JQ, KQ and -trivially -Q, one may divide out by these actions to get a Quaternionic manifold N . Furthermore, a choice of compatible splitting of T C(M ) is equivalent with a choice of torsion-free connection preserving the quaternionic structure. Thus we have the following natural definitions:
Definition 3.11 (Quaternionic Projective Structure). A quaternionic projective structure is simply a reduction of the structure group of the tangent bundle to gl(n, H) ⊕ sl(1, H). The preferred connections are just the torsion-free connections preserving this structure. The total space of the cone construction is the bundle
where H is the natural rank 4 bundle associated to sl(1, H).
The definition of [AlMa] for the change of quaternionic connection by a choice of one-form is exactly analogues to our formulas for the change of real or complex preferred connections. See paper [ADM] for the definition of the quaternionic Weyl tensor (recalling that any quaternionic-Kähler manifold is Einstein, so any expression involving the metric can be replaced with one involving the Ricci tensor, for the general case).
In fact, our results are somewhat stronger than in the complex case: since − → ∇ is hypercomplex,
by [PPS] and [Sal1] . Consequently all curvature terms involving IQ, JQ and KQ vanish and, as in the proof of Lemma 3.2, Proposition 3.12. Every hypercomplex cone is IQ-, JQ-and KQ-invariant, and thus every hypercomplex cone corresponds to a quaternionic projective structure.
Given this definition, one may construct examples similarly to the real and complex cases; indeed:
quaternionic projectively-flat manifolds, nonEinstein but with non-degenerate symmetric Ricci tensors. Then
The proof is analogous to the real case, and one can choose M and N to be quaternionic projective spaces, with a suitable non Einstein connection, again as in the real case.
Then one may construct the quaternionic cone and divide out by the action of Q to get a real projective manifold with the same Tractor holonomy.
Consequently,
Symplectic holonomies
The constructions used here were originally discovered in a different context by Simone Gutt, to whom I am very grateful. Paper [BCGRS] also contains the construction of what is effectively a 'symplectic projective structure', with its own Weyl and rho tensors. Though we will not use or detail this explicitly, it is implicitly underlying some aspects of the present proof.
Real symplectic
Let M 2n+1 be a contact manifold, with a choice of contact form α ∈ Γ(T * ). We may then define the Reeb vector field E ∈ Γ(T ) on M by
Since α is a contact form, this suffices to determine E entirely. Let H ⊂ T be contact distribution defined by α(H) = 0.
Proof. By definition,
Hence [E, X] ∈ Γ(H).
Lemma 3.15. L E α = 0.
Proof. For X a section of H,
as the Lie derivatives with respect to E of both α and [X, Y ] vanish. Furthermore,
This gives us the following proposition:
Proposition 3.17. Dividing out by the action of the one-parameter sub-group generated by E gives a map π : M → (N, ν) with (N, ν) a symplectic manifold and dα = π * ν.
If X and Y are now sections of T N , they have unique lifts X and Y . Then since dα(X,
The point of all these constructions in the following theorem:
Theorem 3.18. Given π : M → (N, ν, ∇) such that M is a contact manifold with contact form α with dα = π * ν, and ∇ a connection preserving ν, there exists a Ricci-flat, torsion-free cone connection − → ∇ on M = R × M that preserves the symplectic form e 2q (dα + dq ∧ α), where q is the coordinate along R.
Proof. Let s be a section of ⊙ 2 T N * , U a section of T N and f a function on N . Then define the following connection on M:
Where s(X, Y ) = ν(X, σY ), or, in other words, σ k j = s hj ν hk . One can see immediately from Equation (10) that − → ∇ is torsion-free. It is obviously a cone connection. On top of that:
Proposition 3.19. − → ∇ is a symplectic connection, for the non-degenerate symplectic form ω = e 2q (dα + dq ∧ α).
Proof. By direct calculation.
We may now calculate the curvature of − → ∇; it is, for R the curvature of ∇,
, and trace σ = trace ∇ X σ = 0, so − → Ric is symmetric, as expected. So the full expression is:
Choose s = 1 2n+2 Ric, and, for
Remark. It is nearly certainly not the case, however, that every Ricci-flat symplectic cone connection can be generated in the above manner; for the − → ∇ so generated is E invariant, which is not a general condition for a symplectic connection.
We now aim to construct an explicit connection ∇ such that the − → ∇ it generates has maximal holonomy.
Let V be the standard representation of g = sp(2n, R). Then g is isomorphic, via the alternating form ν, with V * ⊙ V * . The Lie bracket is given, in terms of this isomorphism, as
We know that H (1,2) (g) = 0 and that all symplectic structures are flat. Moreover g (1) = ⊙ 3 V * , means that any symplectic connection is locally isomorphic with a section U → ⊙ 3 T N * , for U ⊂ N open. Choosing local symplectic coordinates (x j ) such that
we may define the symplectic connection ∇ as
Notice that ∇ = d + O(1). We may calculate the curvature of ∇ as
When taking the Ricci trace using the symplectic form ν, all terms apart from (dx 1 ∧dx 2 )⊗ (dx 1 dx 2 ) vanish. Consequently the Ricci tensor is
And, of course,
This allows us to simplify the curvature equations. By definition U = O(1), so
Ric as before.
Proposition 3.20.
− → ∇ has full symplectic holonomy.
Proof. Still working in our chosen basis, we notice that because of our conditions on the Ricci tensor, for one of j and k in the set (1, 2) but (j, k) = (1, 2),
where X j = ∂ ∂x j . This means, by the Ambrose-Singer Theorem [KoNo] , that elements of the form dx 1 dx j | 0 , j = 2 and dx 2 dx k | 0 , k = 1, are contained in − → hol, the infinitesimal holonomy algebra of − → ∇ at 0. Now we may take a few Lie brackets:
implying
Consequently dx k dx j | 0 ∈ − → hol. By (13), we also have dx 1 dx 2 | 0 in this bundle. To show that we have all of sp(ν, R), we need only to add the elements dx 2 dx 2 | 0 and dx 1 dx 1 | 0 . These are generated, for j odd, by
Under the action of sp(ν, R), the full algebra sp(ω, R) splits as
where the last module is a trivial representation for sp(ν, R).
Proof. If − → hol acts irreducibly on T M| 0 , then
and the 2V generate the remaining piece sp(ω/ν, R) through the Lie bracket.
So in order to finish this proof, we need to show that − → hol acts irreducibly on T M 0 , or equivalently,
Proof. First of all K has a non-trivial intersection with T N away from 0. So let s ∈ Γ(K) ∩ T N such that s(0) = X 1 . Then by Equation (11) (
where t, t ′ ∈ T N 0 ⊂ K 0 . Consequently K = T M, and the holonomy algebra of − → ∇ acts irreducibly on T M.
Complex symplectic
The previous proof works exactly the same in the holomorphic category.
Consequently g, V ∼ = sp(2n, C), C 2n , n ≥ 3 , are possible projective holonomy algebras.
Low-dimension cases
Some low-dimensional algebras are possible affine holonomy algebras, but have not yet been either constructed or ruled out as Tractor holonomy algebras. They are:
Those marked with stars are those algebras that can appear as projective Tractor holonomy algebras.
Proposition 4.1. The low-dimensional so and su algebras cannot appear as projective holonomy algebras.
Proof. Dimensional considerations imply that the conformal Weyl tensor vanishes in 3 dimensions, [Gov] . The obstruction to conformal flatness is carried entirely by the Cotton-York tensor, which of course vanishes for an Einstein space.
So any 3-dimensional Einstein space is conformally -hence projectively -flat. This eliminates the real so and the su holonomies, as the underlying manifold must be such. The complex so has C-linear curvature (see [Arm3] ), so is automatically holomorphic -so disappears just as in the real case, as the holomorphic Weyl tensor must also vanish in three complex dimensions. Proof. Assume that − → ∇ is a cone connection with this holonomy, and let R = JQ. From an adaptation of Lemma 3.2, we know that a cone connection is R-invariant if and only if all curvature terms involving R vanish. For a connection with holonomy sl(2, C), being Ricci-flat is equivalent with having J-hermitian curvature. Consequently
So − → ∇ is R-invariant, and, as in complex projective structures, there is a complex projective manifold N of complex dimension one, for which − → ∇ is the complex cone connection.
Any two torsion-free complex connections ∇ and ∇ ′ on N differ by a one-form Ξ ∈ Ω (1,0) (N )
Ξ to see that ∇ and ∇ ′ define the same complex projective structure. So every complex projective structure on N is flat, implying that − → ∇ itself must be flat. Proof. As seen in Section 3.5, any hypercomplex Tractor connection corresponds to a quaternionic projective structure on a manifold N , in other words a g = R ⊕ sl(1, H) ⊕ sl(1, H) structure. However this last algebra is equal to co(4) -if one takes H as a model space, a definite-signature metric g is given by g(a, b) = Re(ab), and it is easy to see that g preserves g up to scaling.
As usual, a subgroup of sl(2, H) acting reducibly on H 2 corresponds to a conformally Ricci-flat 4-fold. But, from our efforts on conformal holonomy in paper [Arm1] , we know there exist non conformally Ricci-flat manifolds in four dimensions. The subgroups acting irreducibly on H 2 are sp(2, 0) ∼ = sp(0, 2), sp(1, 1), sl(2, H), corresponding respectively to conformally Einstein with λ < 0, conformally Einstein with λ > 0, and not conformally Einstein at all. Examples of all these constructions, without further holonomy reductions, exist in four dimensions, see Theorem 3.3 and [Arm4] .
Remark. The argument for the rest of this section can be paraphrased as 'if we have a manifold with non-trivial Tractor holonomy, we can conjugate the holonomy algebra by gluing the manifold to a copy of itself with a twist, to generate the full algebra'. The subtleties will be in making the manifold flat around the gluing point. This argument only works if the flattening respects whatever structures -complex or symplectic -we are attempting to preserve. We must also avoid using Ricci-flat connections, as then conjugation will not give us the full algebras; but it is simple to pick a preferred connection that is not Ricci-flat.
Proposition 4.5. The algebras sl(3, R) and sl(3, C), do exist as Tractor holonomy algebras.
Proof. The projective Weyl tensor vanishes in two real dimensions, and consequently the full obstruction to projective flatness is carried by the Cotton-York tensor (see Equation (6)). Cartan [Car2] proved propositions about two dimensional projective structures that are equivalent with stating that the only possible tractor holonomy algebras are sl(3, R) and sl(2, R) ⋊ R 2 * ; see [Arm4] for a direct proof of this.
In order to prove the existence of a manifold with full tractor holonomy, we shall use the following proposition: Proof. By [Car2] or [Arm4] , the Tractor holonomy of M is sl(3, R) or h = sl(2, R) ⋊ R 2 * . Since the former gives us our result directly, assume the latter; since a non-trivial holonomy algebra must be non-trivial on some set, we have a set U ⊂ M such that the local holonomy at any point of U is h. Let ∇ be any preferred connection of this projective structure. Choose local coordinates (x j ) on U ⊂ M , and let ∇ be the flat connection according to these local coordinates. Let f be a bump function, and define
This is a torsion free connection, and since ∇ ′ = ∇ where f = 1, has Tractor holonomy containing h.
Take two copies U 1 and U 2 of (U, ∇ ′ , x j ) and identify two small patches of them using the rule x j − a j → s(x j − b j ) for s some element of SL(2, R), a a point in the flat part of U 1 , b a point in the flat part of U 2 . The local derivative of s is Ds(X j ) = s(X j ).
Restrict U 1 and U 2 so that the construction we get is a manifold. Since s maps flat sections to flat sections, ∇ ′ 1 = ∇ ′ 2 whenever they are both defined. So we have a globally defined ∇ ′ .
Changing s changes the inclusion of the holonomy-preserved vector from U 1 into U 2 , thus changes the inclusion h ⊂ − → hol x by conjugation on the sl(2, R) factor of A x defined by ∇ ′ . But any two conjugate non-identical copies of h generate all of sl(3, R), so we are done.
Then we may conclude with the following lemma: We may use these same ideas to construct a manifold with complex projective Tractor holonomy sl(3, C) -and hence a real projective manifold with same holonomy, one dimension higher. The existence proof Lemma 4.7 works in the holomorphic category, and in then has a tractor holonomy algebra containing h ⊗ C. Then given a holomorphic M with these properties, we can use the trick of Proposition 4.6, with (x j ) holomorphic coordinates, to get ∇ ′ = f ∇ + (1 − f ) ∇. This obviously preserves the complex structure (though it is not holomorphic), and we can then patch U C 1 and U C 2 together using s ∈ SL(2, C), which also preserves the complex structure.
Corollary 4.8. Tractor holonomy sl(4, C) also exists.
Proof. The cone over any manifold with Tractor holonomy sl(3, R) has same Tractor holonomy, see Reducibility and Ricci-flatness in paper [Arm2] . Then we construct the cone over the manifold of the previous proposition, choose a preferred connection that does not make it Ricci flat (so that the tangent bundle T [µ] is not holonomy preserved), and then use the same patching process to conjugate sl(3, R) and get full Tractor holonomy. Proof. This is a sketch of a proof, without going into too many details. The Lie algebra sp(2n+ 2, R) splits into sp(2n + 2, R) = V * ⊕ sp(2n, R) ⊕ sp(2, R) ⊕ V, where V ∼ = R 2n , [V, V ] ⊂ sp(2, R) and [V * , V * ] ⊂ sp(2, R). The Lie bracket between V and V * is given by X, ξ = X(ξ) · ν| sp(2,R) + X ⊗ ξ + ν(ξ) ⊗ ν(X), ν the symplectic structure. Note here that ν| sp(2,R) is a map V → V * , equal to the identity under the isomorphism V ∼ = V * given by ν| sp(2n,R) , the other piece of ν. We may then interpret the construction of Section 3.6.1 as a 'symplectic projective structure' whose preferred connections change via
for some one-form Υ. This implies that there exist non-flat symplectic projective manifolds in two dimensions (as ⊙ 3 R 2 = (sp(2, R)) (1) is of dimension four, while R 2 * = T * x is of dimension two). Then since the tangent space of the underlying manifold N 2 cannot be preserved by − → ∇ (since N cannot be Ricci-flat without being flat) we may construct a patching argument as in Proposition 4.6 to get the full tractor holonomy, using three copies patched together if need be. The process still works, as given any symplectic connection ∇ with symplectic form ν, and ∇ a flat connection preserving ν, then ∇ ′ = f ∇ + (1 − f ) ∇ also preserves ν.
To generalise this argument to the complex case is slightly subtle, as we are no longer in the case of a manifold that can be made holomorphic, and the complex symplectic curvature expressions (the complex equivalent of Equations 12) become considerably more complicated -though Equations 12 remain valid if we look at the holomorphic (J-commuting) part of the curvature only.
Therefore we may start with a holomorphic symplectic connection, not C-symplectically flat. These exist by the same argument as in the real case. Then we use partition of unity 'patching' arguments on this manifold, to conjugate whatever holonomy algebra it has locally, and thus to create a manifold with full Tractor holonomy. This manifold is no longer holomorphic, but the terms from the anti-holomorphic part of the curvature cannot reduce the holonomy algebra; and since they must be contained in sp(2n + 2, C), they can't increase it either.
Remark. Note that these last proofs can construct sl(n, F) and sl(2n, F) for all the larger n as well; however the preceding constructions have the advantage of providing explicit examples, and to have their local holonomy equal to their general holonomy.
Remark. By adapting methods used here, it is possible to show ( [Arm4] ) that the only possible projective holonomy algebras in two dimensions are sl(3, R), sl(2) ⋊ R 2 * and 0, a result that was already known to Cartan [Car2] 
